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Cross-focusing of two laser beams in a plasma
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~Received 17 August 1998; revised manuscript received 8 April 1999!

Cross-focusing of two copropagating laser beams in a plasma is investigated using paraxial ray theory. If the
lasers have a frequency difference equal to the electron plasma frequency, they can drive a large amplitude
plasma wave. The ponderomotive force due to the plasma wave forces the plasma electrons outwards thereby
generating a parabolic density profile giving rise to cross-focusing. The results show a decrease in threshold for
focusing by two orders of magnitude as compared to focusing due to the ponderomotive force of the laser
beams.@S1063-651X~99!01109-5#

PACS number~s!: 52.40.Nk, 52.35.Mw, 52.40.Db
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I. INTRODUCTION

Plasmas are rich in nonlinear phenomena, viz, parame
instabilities@1–3#, harmonic generation@4–6#, mode conver-
sion @3,7,8#, soliton formation@9,10#, etc. There is much re
cent interest in nonlinear optics of plasmas, including wa
mixing and plasma wave excitation@11–13#. One of the
ways to excite a plasma wave is by beating two laser be
with their frequency difference equal to the electron plas
frequency@14#. It has been demonstrated experimentally t
such electron plasma waves can be employed to accel
charged particles up to 3.7 MeV of energies, and the de
is known as a beat wave accelerator@15#. Under the reso-
nance condition the electron plasma wave can attain a l
amplitude and consequently its associated ponderomo
force on the electrons can be much larger compared to
ponderomotive force due to the laser beams. Earlier stu
on focusing of laser beams have considered the effect of
ponderomotive force due to the laser beams@16,17#. In this
paper we examine the cross-focusing of two laser beams
der the resonance condition when the ponderomotive fo
due to an electron plasma wave is large compared to
ponderomotive force due to laser beams. The two laser
frequenciesv1 andv2 (v12v25vp) and wave vectorskW1

andkW2 (kW12kW25kW ) beat with each other and excite a lar
amplitude electron plasma wave at (v,kW ). The electron
plasma wave exerts a ponderomotive force on the elect
and forces them out, giving rise to a parabolic density pro
responsible for cross-focusing.

The paper is organized as follows. In Sec. II we der
our nonlinear permittivity. We then solve the wave equat
for electromagnetic waves under the WKB approximat
following the technique used by Akhmanov, Sukhoruko
and Khokholov@18#, and study the cross-focusing of the l
ser beams in Sec. III. Finally our results are presented
discussed in Sec. IV.

II. NONLINEAR PERMITTIVITY

Consider the propagation of two Gaussian laser be
through a collisionless plasma of densityn0

0, temperature
Tc ,
PRE 601063-651X/99/60~3!/3253~4!/$15.00
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EW j5 ŷAj exp@2 i ~v j t2kjz!#,
~1!

Aj
2uz505Aj 0

2 exp~2r 2/r 0
2!, j 51,2

kj'(v j /c)(12vp0
2 /v j

2)1/2 is the propagation constant in th
linear approximation. r 0 the initial beam radius,vp0

2

5(4pn0
0e2/m)1/2 is the unmodified plasma frequency, ande

and m are the electronic charge and mass. We shall t
v12v25vp0!v1 ,v2 . For z.0, we assume energy con
serving Gaussian intensity profiles, with spot sizesr 0f j and
axial amplitudesAj 0 / f j ,

uAj u25
Aj 0

2

f j
2 exp~2r 2/r 0

2 f j
2!, ~2!

where f j is known as the beam width parameter. The las
impart oscillatory velocities to the electrons given by

vW j5
eEW j

miv j
. ~3!

vW 1 and vW 2 couple with the magnetic field of the lasers
exert a ponderomotive forceFW pv on the electrons at~v
5v12v2 , kW5kW12kW2!:

FW pv5e¹W fpv52
m

2
¹W vW 1•vW 2* , ~4!

where* denotes the complex conjugate.
The electron velocity due tofpv and the self-consisten

potentialf are found to be

vW 852
e

miv
¹W ~f1fpv!. ~5!

Using Eq. ~5! in the continuity equation,]n/]t l1¹W •(nvW )
50, we obtain the electron density perturbation,

n15
n0

v
kW •vW 8, ~6!

where n0 is the static component of electron density. It
different from n0

0 due to the modification caused by stat
ponderomotive force.
3253 © 1999 The American Physical Society
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Using Eq.~6! in the Poisson equation¹2f54pn1e we
get

ef52xcfpv , ~7!

wheree511xe , xe52vp
2/v2.

Using Eqs.~4! and ~7! in Eq. ~5! we obtain the electron
velocity at (v, kW ),

vW 52
e2k

2m2ve

EW 1•EW 2*

v1v2

ż. ~8!

vW 1 , vW 2 , and vW exert a dc ponderomotive forceFW p0

5e¹W fp0 on the electrons:

fp 052
m

2e
~vW 1•vW 1* 1vW 2•vW 2* 1vW •vW * !. ~9!

As the electrons move radially outward due to the ponde
motive force, they produce a space charge fieldEW s5

2¹W fs , that pulls the ions along. In the steady state
equations for electron and ion motions can be written as

0W 52e¹W ~fs1fp0!2
Te

ne
¹W ne

and

0W 52e¹W fs2
Ti

ni
¹W ni , ~10!

respectively. Herene andni are modified static densities o
electrons and ions. Adding these equations and emplo
the quasineutrality conditionne5n15n0 we obtain

Dn5n02n0
052

n0
0efp0

Te1Ti
. ~11!

The plasma permittivity atv, kW can be written as

e512
vp 0

2

v2 1
vp0

2

v2 a, ~12!

where

a52
Dn

n0
0 5

e2

2~Te1Ti !m
F2

A10
2 e2r 2/r 0

2 f 1
2

v1
2 f 1

2 1
A20

2 e2r 2/r 0
2 f 2

2

v2
2 f 2

2

1
k2e2A10

2 A20
2

4v2e2m2v1
2v2

2

e2r 2/r 0
2
~1/f 1

2
11/f 2

2
!

f 1
2 f 2

2 G . ~13!

Under the conditionv12v25vp0 , e→0, consequently the
first two terms in Eq.~13! can be neglected as compared
the third term, giving

a'
v10

2 v20
2

4~11Ti /Te!v th
2 c2

1

f 1
2 f 2

2e2
e2~r 2/r 0

2
!~1/f 1

2
11/f 2

2
!,

~14!
-

e

g

where v0 j
2 5e2Aj 0

2 /m2v j
2, j 51,2 andv th

2 52Te /m and v/k
'c has been used.v01,v02 are the magnitudes of electro
oscillatory velocities due to the two laser beams atr 50, z
50. The plasma permittivitye~v! can be written as@cf. Eq.
~12!#

e'
vp0

2

v2 a. ~15!

Using Eqs.~14! and ~15! we get

a5S v01
2 v02

2

4v th
2 c2~11Ti /Te! f 1

2 f 2
2 D 1/3F12

1

3

r 2

r 0
2 S 1

f 1
2 1

1

f 2
2 D G .

~16!

The effective plasma permittivity atv1 can now be written
as

e1512
vp0

2

v1
2 2

vp0
2

v1
2 a. ~17!

IntroducingI 15cA0l
2 /8p and I 25cA02

2 /8p as the axial laser
intensities, one may rewritee1 as

e1512
vp0

2

v1
2 2

vp0
2

v1
2 S 4I 1I 2p2e4

f 1
2 f 2

2m2v1
2v2

2~Te1Ti !c
4 D 1/3

3F12
r 2

3r 0
2 S 1

f 1
2 1

1

f 2
2 D G . ~18!

For vp5v12v2!v1 ,v2 , we havev1;v2 and f 15 f 2 .
Under this approximation Eq.~18! can be rewritten as

e15e102e11r
2, ~19!

where

e10512
vp0

2

v1
2 2

vp0
2

v1
2 S 4I 1I 2p2e4

m2v1
2~Te1Ti !c

4 D 1/3 1

f 1
4/3,

e115S 4I 1I 2p2e4

m2v1
2~Te1Ti !c

4 D 1/3 2

3r 0
2

1

f 1
10/3.

In the case of a single laser beam, the effective plasma
mittivity ~for ponderomotive nonlinearity! can be written
from Eq. ~13! by takingA20→0 as

e1512
vp0

2

v1
2 1

vp0
2

v1
2

8pe211~12r 2/r 0
2 f 1

2!

2cv1
2 f 1

2m~Te1Ti !
.

III. CROSS-FOCUSING

The wave equation governing the propagation of an e
tromagnetic wave is

¹2EW 11
v1

2

c2 e1EW 150. ~20!
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Writing the t and fastz dependence ofEW 1 as given by Eq.
~1!, using Eq.~12!, and assumingu¹W e/eu!k, Eq.~13! can be
written, in the WKB approximation, as

2ik1

]A1

]z
1¹'

2 A12
vp0

2

c2 ~e102e11r
2!A150, ~21!

where

¹'
2 [

l

r

]

]r
1

]2

]r 2 .

We introduce an eikonalA15A10e
ikS and separate the

real and imaginary parts of Eq.~14!, giving

]A10
2

]z
1

]S

]r

]A10
2

]r
1A10

2 ¹'
2 S50 ~22!

and

2k1

]S

]z
2S ]S

]r
D 2

5
1

A10

¹'
2 A101

vp0
2

c2 ~e102e11!r
2.

~23!

Assuming a Gaussian ansatz forA10
2 @cf. Eq. ~2!#, and sub-

stituting in Eqs.~22! and ~23! we get

2k1

]S

]z
1S ]S

]r
D 2

52
1

r 0
2 f 1

2 S 22
r 2

r 0
2 f 1

2 D 1
vp0

2

c2 ~e102e11r
2!

~24!

and

¹'
2 S2

]S

]r

2r

r 0
2 f 1

22
2k1

f 1
S 12

r 2

r 0
2 f 1

2 D ] f 1

]z
50, ~25!

respectively.
We expandS in the paraaxial ray approximation as

S5C~z!1b
r 2

2
. ~26!

Using Eq.~26! in Eqs.~24! and~25!, collecting various pow-
ers of r, and solving we obtain the equation governing t
beam width parameter:

d2f 1

dj2 5
1

f 1
32

2

3

vp0
2

c2k1
2

Rd
2

r 0
2 S v01

2 v02
2

4v th
2 c2 D 1/3 1

f 1
7/3, ~27!

whereRd5k1r 0
2, j5z/Rd .

The first term on the right hand side corresponds to
diffraction divergence of the beam while the second te
corresponds to the nonlinear refraction. The threshold po
for focusing may be obtained by demandingd f1 /dj50, f 1
51 for all values ofj @16#. For powers above threshold
d2f 1 /dj,0 and f 1 decreases as the beam propagates
attains a minimum valuef 1 min at a certain value ofj, after
which f 1 starts increasing again as diffraction effects beco
more pronounced than the nonlinear refraction effect.
have solved Eq.~27! numerically and displayed the variatio
of f 1 with j in Fig. 1.
e

er

d

e
e

IV. RESULTS AND DISCUSSION

Electron plasma waves can be resonantly excited by b
ing of two copropagating laser beams. The plasma wave
erts a ponderomotive force on the electrons thereby crea
a density depression which focuses the laser beams. Fo
following parameters: plasma densityn;431016cm23,
electron temperature of 100 eV, lasers of power den
;1012W/cm2, spot sizer 0;12m, v151015rad/sec, and
v250.931015rad/sec we find that beam width parame
decreases with the distance of propagation to a value
f 1 min50.28 at z50.8Rd as shown in Fig. 1. Beyond thi
value of z the diffraction effects dominate over the se
focusing effect and the beam starts diverging. From Eq.~27!
one may note that if laser beam 2 is weak and beam
strong then both the beams can be focused by the pla
wave produced by beating them, ifv12v25vp . Calcula-
tions show that the threshold power for the focusing is
duced by a factor of 102 as compared to that obtained b
considering the ponderomotive force due to the laser be
only ~Liu and Tripathi@16# and Sodha, Ghatak, and Tripat
@17#!. The axial power flow density of the plasma waveI p
5v(]e/]v)(k2f2/8p)vg wherevg.c2/v th is the group ve-
locity of the Langmuir wave. On using Eqs.~4! and ~7! one
obtains

I p

I 1

5S v1

c
D 2/3S v th

c
D 8/3 vp

2

4v1
2 ,

which is quite small. Hence the depletion of the lasers due
the excitation of the plasma wave is negligible.
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FIG. 1. Variation of beam width parameter with dimensionle
distance of propagationj(5z/Rd).
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